In this letter we develop a method to construct all the integrals of motion of the SU (p) Haldane-Shastry model of spins, equally spaced around a circle, interacting through a 1/r 2 exchange interaction. These integrals of motion respect the Yangian symmetry algebra of the Hamiltonian. 
The past few years have seen an extensive study of exactly solvable quantum many body systems with 1/r 2 -interactions. The simplest member of this family is the SU(p) HaldaneShastry model (HSM) with Hamiltonian [1, 2] :
describing N particles with an internal spin degree of freedom that can take on p different values, residing on equally spaced sites on a ring: {z j = exp 2πi N j }. For p = 2 it describes spin 1 2 particles. The operator P ij permutes the spin of two particles at sites i and j. The energy levels of this model turn out to have huge degeneracies (beyond the regular global SU(2) symmetry), signaling the presence of a large non-trivial symmetry algebra. In Ref.
[3] this algebra was identified as the Yangian, a Hopf algebra introduced by Drinfel'd in 1986 [4] . It describes the elementary excitations of this model: spinons. These spinons obey semion fractional statistics.
The fact that this Yangian algebra commutes with the Hamiltonian hints at the integrability of this model. However, the traditional method of proving integrability, i.e.
construction of a set of commuting extensive hermitean operators {H 1 , H 2 , . . .}, so-called invariants, has so far been unsuccessful. Invariants up to H 4 have been 'guessed' [5, 3] . Minahan and Fowler [6] introduced a set of invariants that commute with the Hamiltonian, based on operators introduced by Polychronakos [7] . However, the generating function for this set is essentially the trace of the transfer matrix and thus contains only elements of the Yangian algebra.
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In this letter we will construct a set {H n } of extensive operators that commute among themselves and with the Yangian. In order to do this we have to consider a more general dynamical model in which the particles are allowed to move along the ring: the Calogero 1 The authors of Ref. [6] claim to have found the Hamiltonian H 2 in their third order invariant, but in reproducing their algebra we did not find any such term; in fact we only recovered yangian operators.
Sutherland model (CSM) with an internal degree of freedom. This model, which has been studied in [7, 8] has the following Hamiltonian:
When λ → ∞ or equivalentlyh → 0, the particles 'freeze' into their classical equilibrium positions, and barring some subtleties we recover the spin Hamiltonian H 2 .
The reason for this diversion through the dynamical model to obtain the constants of motion is the following: the so-called quantum determinant of the transfer matrix, an object that commutes with the Yangian algebra and therefore a natural candidate for the generating function of the constants of motion, happens to be scalar in the spin model (i.e. whenh → 0), as we shall see below. But in the general dynamical model, this is not the case, and by carefully taking the limit λ → ∞ we can isolate a generating function for the {H n }.
Let us first review the rôle of the Yangian algebra in the dynamical model. A more extensive treatment can be found in [9, 10] . The integrability of the CSM is based on the existence of the transfer-matrix T ab (u) that commutes with the Hamiltonian:
where X ab j , a, b = 1, . . . , p acts as |a b| on the spin of particle i, and θ ij = z i z i −z j . This transfer matrix satisfies the Yang-Baxter equation:
with R 00 ′ (u) = u + λP 00 ′ and T 0 (u) = T (u) ⊗ 1 and T 0 ′ (u) = 1 ⊗ T (u). For the purposes of this letter we will deal with another form of the same transfer matrix. Introduce the following representation of the so-called Dunkl-operators [10] :
K ij is the operator that permutes the spatial co-ordinates of particles i and j. These Dunkloperators commute:
but are not covariant under permutations:
defining a so-called degenerate affine Hecke Algebra. In terms of these Dunkl operators we can define a transfer matrix that also obeys the Yang-Baxter equation:
It satisfies eq. (4) trivially since the {D i } commute amongst themselves and commute with the P 0j , since the latter only act on spin degrees of freedom; furthermore 1 +
is the elementary transfer matrix with spectral parameter u −D i . To retrieve
we have to apply a projection Π toT 0 that replaces every occurrence of K i,i+1 by P i,i+1
once ordered to the right of an expression (this is equivalent to having the unprojected operator act on wavefunctions that are symmetric under simultaneous permutations of spinand spatial co-ordinates) [10] . We will drop the "0" subscript onT (u) from here on.
Normally the conserved quantities are derived from a Taylor expansion of the trace of the transfer matrix. In this case that just gives us combinations of Yangian operators, elements of the symmetry algebra. This set doesn't even contain the Hamiltonian. As pointed by various authors [11, 4, 10] , there is another quantity that commutes with the Hamiltonian, derivable from the transfer matrix: the quantum determinant,
It satisfies [T (u), Det q (T (u))] = 0. It has been computed in [10] as:
where (making the dependence onh explicit):
Now obviously:
This holds since theD i 's commute with each other and the P 0j 's . The projector doesn't get in the way since a product of projections is the projection of the product-bothT (v)
and∆(u) are symmetric under simultaneous permutation of spin-and spatial co-ordinates [10] . The eigenvalues of∆(u) are also known: for every partition |n| there is an eigenvalue:
We notice that ash → 0, i.e. in the limit of the HSM, all eigenvalues become identical and∆(u, 0) is a multiple of the identity operator. Thus no non-trivial constants of motion are contained in∆(u, 0). Nevertheless let us study (12) 
The O(h 0 ) term is trivially 0. The rest of this letter will focus on the vanishing of the O(h)
term. As we shall show below:
Therefore we have the important result:
) commutes with the transfer matrix (and therefore the Yangian) of the Haldane-Shastry spin model as well. Furthermore it will also become apparent that
So we can take∆ 1 (u) to be the generating function of the constants of motion of the HSM! In order to establish these results we first need to prove the following corollary:
when evaluated with the particles at their equilibrium positions, i.e. z j = exp
From eq. (11) we have∆ 0 (u) = i (u −γ i ). Since we know that∆ 0 (u) is scalar we can evaluate it by having it act on any convenient state, e.g. the one where all particles
have identical values for their internal degree of freedom (for p = 2 we would say: all spins pointing up). I.e. the permutations reduce to 1. This has been done in [10] :
Then using
we have:
Now evaluate the trace in a basis where Θ is diagonal. This can clearly be done forh → 0
Using that
we find:
Therefore
From expanding∆(u,h) to O(h) in (11) we havê
Then, with the corollary and the fact that [γ i ,γ j ] = 0 for all i, j (the Dunkl algebra (7) is satisfied forh = 0 as well):
With this result we find:
This can be checked by multiplying the LHS and RHS by∆(u,h). Now let us expandT (v,h)
to O(h): The proof that∆ 1 (u)and∆ 1 (u ′ ) commute hinges on the existence of an operator that commutes with both these∆ 1 's and is non-degenerate. Such an operator is T pp 0 (v). Its eigenvalues are given by [10] :
The polynomials P i (v), i = 1 . . . p−1 characterize the representation of the Yangian. As was found in [10] , every degenerate supermultiplet in the SU(p) HSM (i.e. every representation of the Yangian) can be represented by a string of N + 1 binary digits 0 or 1, called a motif. 
) and
).
The eigenvalues (25) are obviously independent rational functions of v, and T In the remaining part we will reproduce the integrals of motion that have already been found [5, 3] , and point out some subtleties in their construction. As is customary for the Heisenberg model with nearest neighbor exchange we take Γ 1 (u) = d du ln(∆ 1 (u)) rather than ∆ 1 (u) to be the generating function for the integrals of motion, so that the invariants will have an additive spectrum. When expanded in powers of u it reads:
where we have reinserted the projection operator that turns K ij → P ij , when ordered to the right of an expression. We have worked out the first few H's. With z ij = z i − z j we have:
The prime on the summation symbol indicates that the sum should be restricted to distinct summation-indices. To compute the previous expressions we normal ordered the z i ∂ z i to the right in eq. (26) and then put z j = exp 2πi N j . The identity w ij w jk + w jk w ki + w ki w ij = −1 which lies at the heart of the integrability of these 1 r 2 -models is very useful in the reduction of these expressions. P indicates the momentum and we will show its interpretation later on.
Notice the absence of Yangian operators as well as terms containing both permutations and derivatives. The expressions in eq. (27) can be seen to coincide with those reported previously [3] , 2 lending credibility to this way of deriving the integrals of motion. Unfortunately for large n it becomes prohibitively complicated to compute H n . 2 We should point out a correction in eq. (7) We have an alternative way to verify the validity of these constants of motion as well.
We will proceed to compute the eigenvalues of the operators H n and compare these to the 'rapidity' description of the eigenvalues in [3] . We will constrain ourselves to the SU(2) case to simplify the algebra.
As is well known [12] the roots of∆(u,h)-i.e. the poles of the transfer matrixT (u,h), see eq. (24)-are given by the solutions of so-called Bethe Ansatz equations, which only depend on the two-particle phase-shift. In the case of the CSM it is πλsgn(k 1 − k 2 ). Notice that this phase-shift only depends on the ordering of the momenta k 1 and k 2 . This is why these models are interpreted to describe an ideal gas of particles with statistics that interpolates between bosons (λ = 0) and fermions (λ = 1). In the dynamical model (2) the particles have charge and spin. Therefore we get two coupled sets of 'Nested' Bethe Ansatz equations-for the general case p = 2 there are p equations. They have been presented in [13] :
We have reinstated L, the circumference of the circle to get the dimensions correctly. Notice howh drops out of these equations due to the fact that the full Hamiltonian is scale invariant (a peculiarity of the 1 r 2 -type potentials). So rather than sendingh → 0 we should let λ → ∞. There are N equations defining the {k i } (one for every particle) with charge quantum numbers {I i }. Furthermore we have M equations defining the auxiliary momenta {Λ α }. M is the number of particles with a spin ↓. The {J α } are their spin quantum numbers. The I's and J's are distinct integers or half-odd integers depending on the parity of N and
This changes the invariant in a harmless manner, but this is relevant for comparing the eigenvalues of the operators in that article and the ones that we will find later on. 
. So for Γ 1 (u) acting on a state characterized by a set {Λ α } we find its eigenvalue:
We will now label the Λ α 's by m α , their positions relative to the k's, i.e. if Λ α sits between k r and k r+1 , then m α = r. We see that the m α have to be at least two units apart since there are at least two k's between Λ's according to eq. (29). Now writing
(θ is the step function), we have:
n−1
For small n we can evaluate ǫ n (m α ) exactly: 
These results coincide nicely with the numerical values of [3] , when we interpret the m α as the rapidities of the HSM! We notice that it is indeed consistent to interpret the momentum term P in (27) in H 1 and H 3 as α m α , i.e. the degree of the polynomial wavefunction.
In conclusion we have outlined a method to obtain the constants of motion of the HSM as a strong coupling limit of the CSM with particles with internal degrees of freedom. Although the task to actually obtain the invariants is quite cumbersome, it can be done in principle.
Given the relatively simple structure of the invariants we expect there to be some technique that could simplify the computation considerably. The construction of integrals of motion presented in this letter, provides us with extensive operators that commute with each other and the Yangian symmetry algebra. By computing eigenvalues of the invariants through the Nested Bethe Ansatz, and comparing them with previous numerical results [3] we provided evidence for the validity of the approach. It would be interesting to analyze the cause of the miraculous absence of terms containing mixtures of permutations and derivatives.
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